U = mean velocity, L/t

u, v = point velocity

u® = friction velocity, \/7,/p

ut = u/u*

Up = velocity at average stream cross section hg
© = average velocity of film of thickness h
X = parameter as defined by Equation (29)
x, = direction coordinate, L

y* = dimensionless distance, yu*p/n

y1 = distance from the inner wall

ys = distance from the outer wall, L

Greek Letters
/1o, oy 13/19

a =

u = coefficient of viscosity, m/Lt

v = kinematic viscosity, L?/¢

p = density

pg = density of air

pr. = density of water, m/L3

o = coefficient of surface tension of water, F/L
T = shear stress

71 = shear stress on the inner wall

72 = shear stress on the outer wall

T3 = shear stress at air—water interface, F /L2

¢ = function as defined by Equations (26) and (27)
® = parameter as defined by Equation (28)

A = tp/ Te
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A Method for the Noninteracting Control
of a Class of Linear Multivariable Systems

ROBERT D. FOSTER

Union Carbide Chemicals Company, South Charleston, West Virginia

WILLIAM F. STEVENS

Northwestern University, Evanston, lilinois

A method is presented by which a particular class of interacting linear multivariable systems
may be decoupled into independent, first-order subsystems containing o single output as o
function of @ single manipulatable input and a single measurable input. This is accomplished
by application of compensators in the form of feedforward amplifiers and proportional plus
derivative feedback controllers. Simultaneous application of a stabilizing feedback controller
ond a feedforward amplifier to each decoupled subsystem results in perfect control of system
outputs y; (1), that is, y; () = O for all £ = 0. In addition, the compensating device contains
degrees of freedom that make it possible to set output forms within any limits desired in the
case that subsystem feedforward controllers operate imperfectly, and obtain better fit be-
tween the linear system model, which forms the basis for controller design, and the correspond-

ing nonlinear system model.

A physical system is defined as multivariable when it
has a multiplicity of inputs and outputs. The most im-
portant characteristic of such systems is that they will
generally be interacting or cross coupled, a condition that
occurs when there are inputs which simultaneously affect
more than one output. Kavanagh (4, 5) was the first to
apply rigorously matrix methods to the analysis of such
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systems and his work is a framework for a basic under-
standing of the properties of multivariable control systems.

If conventional control is applied to any output y; of a
multivariable system, it will not generally be possible to
eliminate the effect of other controller signals or external
upsets on y;. These cross effects may, in addition, be of
sufficient magnitude to make it impossible to control y;
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within desired limits. Under these circumstances it be-
comes desirable to eliminate cross effects by means of
some additional control device.

Some early attempts to decouple linear multivariable
systems (I to 3, 6, 7) have the drawback that the com-
pensating devices become extremely complex for systems
with a large number of outputs. More recent methods
(11, 12) utilize state-variable feedback and make it pos-
sible to decouple the linear multivariable system into
first-order independent subsystems by means of feedback
and feedforward amplifiers. The method is limited to n
input, n output servomechanisms.

Mesarovic (8, 9) outlines a simple method for achiev-
ing noninteraction by first transforming the linear multi-
variable system to the so-called V canonical form so that
the cross effects to be eliminated become internal feed-
back signals. These signals may be immediately eliminated
by addition of corresponding external feedback loops.
Mesarovic applies this technique only to n input, n output
servomechanisms. The development to follow will be
based on a modified form of the V canonical transforma-
tion, referred to as the V’ canonical structure, which may
be used for systems with an unequal number of inputs and
outputs.

MATHEMATICAL DESCRIPTION OF THE SYSTEM

The n input, m output linear multivariables system to
be studied is represented by

d!ﬁd(:) —_ j=21 Ki]%j(t) + ,;_:J.Nmyk(t) (i — 1’2’ . :7;)
)

The following restrictions are imposed on the system of
Equation (1): (a) all system parameters are known and
invariant, (b) all inputs are either manipulatable or
measurable, (c) the number of manipulatable inputs is
equal to or greater than the number of outputs.

Restriction (c) is imposed so that control of each out-
put is possible. Upon addition of controllers to the m
manipulatable inputs %1 (2), %2(2),. ... %m (%) required for
control of the m outputs 7;(¢), y2(f),.. . Ym(¢) each set
point is set = 0 and output deviations may arise only if
there are additional external inputs Xm+1(f), Xm+a(t),
.+ .;%a(t). Therefore only systems for which n = m will
be considered.

The Laplace transformation of Equation (1) yields

S?;(s) = :§=Z Kiﬁ,-(s) - kEZINikyk(S) (l= 1,2,..., m)
(2)

For the work to follow, 3i(s) is represented by y; and
%i(s) by x; for convenience. Using this notation, we can
represent the m Equations (2) in the matrix form

BuemYme1 = Km:me:l + N mmemzl (3)
Solving
Ymat = [ [Rmam — Nmzm] ™! Kinen] Xnat (4)
or
mel =P, mxanxl (5 )

where Ppmzn = [ [Bmzm — Nmam] ™! Kmza], the matrix of
transfer functions relating the y; to each x:.

DEVELOPMENT OF THE METHOD

The first step in the decoupling procedure is to trans-
form the system to the V’ canonical structure. In this
form, cross effects are converted to internal feedback sig-
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nals which may be eliminated identically by means of
corresponding external feedback controllers. Specifically,
the first step in the transformation, with respect to a given
output y;(i = 1, 2, ..., m), is to convert the inputs x,,
X9, « ooy Xyely Xitly « - « 5 Xmy Xmstgs - -« , Xp to Internal
feedback loops with the ultimate aim to make y; a func-
tion only of the manipulatable input x; and the measurable
input 2y, +1. It will be required that the same measurable
input xn+; be included in all m subsystems formed as
above. This will make it possible to consider the limiting
m by n system for which n = m + 1, as well as systems
for which n > m + 1.

The above technique requires that there be an output
corresponding to each input to be eliminated. Since the
number of inputs js greater than the number of outputs,
“virtual” outputs ¢m+1, Ym+o, . - - , Yo must be introduced

by the equations
Yni1= Ko+, 151 + Kmnag,e + oot 4+ K1, n¥n
Yﬂ = RKp1%X1 + Kn;xz + o + K»,.mxﬂ

where the Kj; are arbitrary constants relating virtual out-
puts to system inputs. This is the second step in the trans-
formation. Since Equation (6) is added to the transformed
system, it must also be added to the original system of
Equation (5). This is valid since such addition in no way
alters the behavior of the original P canonical system.

The V’ canonical structure thus formed is represented
mathematically by

Ypu = F nanm:l + F ’nxnvnann;vl (7)

In order to realize subsystems of the desired form, com-
pensating controllers must be applied to the system rep-
resented by Equation (7) that will cancel out the term
F'uenVnzn¥nz, IeaVing

Yoo = Fm:anxl (8)

which, in expanded matrix form, becomes

- N - 1 (x
1 1
y. Fy - Fim+1 .
- 0 .
0
= me Fm,u+1
Kind1,1 00vvaceonnnens Kn+1,n
‘ N Kon :
L Yn ) L J Xn

From the above matrix form the desired subsystem equa-
tions may be written as

Yy = Fux:  + Fim+1%m+1
y2 = Fosxs + Fom+1%m+1

SR (9

Ym = Fom%m + Frum+1Xm+1

The realization of Equations (9) from Equation (7) is
immediately accomplished by adding a matrix of feedback
compensating controllers Cpzn Such that Cpen = —Vnan,
which is equivalent to making Cy = —V; for each i and
j. The addition of the compensating devices to the system
of Equation (7) may be given mathematically by
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Ynzl =F nannzl + F ’m:nannYnzl + F ’nxncnxnynzl (10)
Ynzl =F n:nXm:l + Fluen m:nYnzl + F ’nxn(ann) Ynxl
Yzt = FranXna ( 11 )

Equation (11) is seen to be identical to Equation (8).
The compensation techni(éue of Equation (10) for any
given y; may be represented by

yi = Fuxi + Fim+1%m+1 + FufVuy: +
Via + ... + Vig—1ti—1 + Vigsrayirs + ..o + Vimym
+ Vimtoym+z + oo + Vinyn] + Fu[Cuys + Cuye
+ oo + Ciimlio1 + Ciir1ier + oo + Cinlym
+ Cimsgymsz + .- + Cuynl  (12)

Once the system has been decoupled into the m subsys-
tems given by Equations (9), final control elements may
be added. A feedback controller is added to stabilize
each subsystem and a feedforward controller is added by
which perfect control may be achieved. The final control
elements for any subsystem i operate independently of the
rest of the subsystems and may be designed so as to op-
timize the form of the corresponding output y; without
having to consider the effect of system interactions, since
such interactions no longer exist. The configuration of any
subsystem i, upon addition of final control elements, is
shown in Figure 1. For this subsystem, y; is represented
by
[Fum+1 + FuGgril

= 13
% 1 + FiuGay m1 (13)

Perfect output control for any xm+1 (y;i = 0 for all t =
0) can now be accomplished by requiring that

Fim+1
Gii = ———— (14)
ff Fﬂ

The subsystems of Equations (9), which are only par-
tially decoupled, are of simple enough form that the feed-
forward controllers could be omitted and still make it
possible to achieve good output control. The relation be-
tween y; and am+y, analogous to Equation (13), would
then be

Fi'm+1
e 15
Yi 1+ FaCroi Xm+1 (15)

In either form stability analysis is identical. The value
of partial decoupling is that by omission of the Gy a con-

siderable saving of controllers is possible while still mak-
ing it possible to obtain good output control with simple
subsystem form in either case.

The purpose of the development thus far has been to
outline the overall advantages of the V’ canonical form,
the configuration and general form of the compensating
controllers, the method of adding final control elements
to the resulting independent subsystems, and the general
form of the overall subsystem transfer functions. Fy; and
Vi; (and hence the C;;) of the V’ canonical structure will
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Fig. 1. Configuration of typical subsystem.

now be evaluated in terms of the P; of the original P
canonical structure. The two structures must be mathe-
matically equivalent, so Equation (5) plus Equation (8)
must be equated to Equation (7):

Ynml = Pm:nxmzl = ananzl + F,m:an:nYnxl (16)
Yy = annP—ln:cn + F’m:nVna;nYnxl (17)
Inzn = Fnz:nP_lnxn + F’nzmvnxn (18)

The form of Equation (18) is particularly convenient for
evaluation of the Fj and Vj;, since the equivalent form
Fowm +  FlruenVanenPnen contains the term
[Rnzn — Nnzn] ™!, which would lead to high-order terms
in s and complicate the solution. From a practical stand-
point, then, it will be required that P~%,., exist. This is
equivalent to requiring that K~ exist since, from
Equations (5) plus (6)

P=Yin = K Yz [Ruon — Nuanl (19)

Puen =

Denoting P~y in Equation (18) by Tyem, we get
Inam = annTnxn + F’nxnvnxn (20)

Equating each element of the identity matrix on the left
of Equation (20) to the corresponding element on the
right of Equation (20) with respect to any row i (i =

1,2, ..., m), we obtain
1=FiTs + Fim+1Tma1,

(i=12...,m) (21)
0=FTim+1 + Fimr1Tmt1ms1

(=172, ...,m) (22)

0= FuTy + Fim+1Tma1; + FuVy
(i=L.,2,...,m
i=12 ... . mjsimtl) (23)

Simultaneous solution of Equations {21) to (23) yields

A.l.Ch.E. Journal

Tm+1m+1 (24)
TiiTm+1,m:1’1‘1::’;nl+1,iTLm+1 (i - 1’ 2’ ) m
: i=12 ... .n (25)
TyTmi1m+r— TmiriTimer | jo2im+1)
Tim+1Tme 15— TiiTma1,m+1
Tm+1m+1 (26)

Next, the form of the T;; must be determined. From Equa-
tions (5) plus (6)

Pmm = [ann — Nn:cn] —i Kmm
Tnxn = P~1mm = K_ln:m[Rna:n e Nnxn]
],nam

Tmm = = [Rmm - Nm:n] (27)
[Knen|

To evaluate completely Fi, Fim+1 and Vi; from Equations
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(24) to (26), we must evaluate the expressions for the
T;; from Equation (27); this yields

Equations (34) to (36) may be considerably simplified
by introducing a general rule relating to determinants
given by Muir (I10). This rule may be written in the

Tt tmi1 = _I_"_‘I‘LKI_’"‘I“_ (28)  two equivalent forms:
] i L Imssmedii— JomsImera = (—=1)2m+2+E+E My | Koon|
Tims1 = 2 (29) .
| Knan| 2. Jematdmeri— Im+rmerdi = (—1)2m 345+ My | Ky
4= ———[— J2uilNy ~JoilNogy—*** ** — Ji-1iNi—10 Insertion of Equations (37) into Equations (34) to
T |Kaon| [— LNy —JaiNai ' (36) and combination with Equations (24) to (26) yield
Im+tm+1
Fii - - m+im+
[(=1)20m+i+D My]s + (—1)2m+s+kti PN — (—1)20m+i+D) NuMy (38)
k=1
k=l
"‘]m+1,i
Fimyy = =
[(—1)2m+i+D My] ¢ + 2 (—1)2m+8+k+i M N, — (—1)2m+i+D NMy (39)
k=1
k4
m
—1)2mEitits M, ‘ .
[(-1) il s+ %1 (—1)2m+2+k+i Ny My, — (—1)2m+i+i+taN M, (40)
Jest
Vy ="
G Jm+1m+1
+ JiBi— v 1aNiss — .. 0 — JmiNmi]  (30) Vi~ (—1)¥m*3+itipfy, (41)
T Ii (31) (4>m) Im+imar
1] T me——
(m) | Knan] Equations (38) to (41) represent the final form of the
1 Fy and Vi; for the V’ canonical structure. Recognizing
Tong 1= —Jim+1Nti— JomsiNoi — oo oo that, for any given system the J;;, Ny, and M;; will be
mHLE | Knn) [ Jumsals mre fixed, we can rewrite Equationsj (38]) to (41) in the
compact form
—Jicim+1Ni—1i + Jim 1R — Jis 1,m+1Ni 1 1 A
> > 'y 2 » “
— - Nmi 32 Fy = ———ree 42
]m.m+1 m] ( ) i B.-;8+S,',- ( )
]j.m+1 D
——— i
T:’;‘;,‘lj Ken] (33) Fimsr= Bsrs (43)
ij ij
The expressions TiiTm+1:m+1 — Tim+1Tmers Tim+1 Vii=Eys+ Uy (44)
Ty — Tij'(Tm+I,m)+1 (j —‘—1 m);d zfmd Ti,m+1Tm+1,(j2‘)‘ G=m)
TiyTm+1m+1 (f > m) are evaluated from Equations 8 o
to (33) to give (:&Zn N H;; (45)

TiTmitmi1— Tom+ 1 Tm+ 1

m

1

= [Koonf? 2 Nii Um+videm+1 — Jm+ 1.m+ 1Skl

n. Pyl
k#i

+ Rii Um+tmetJi — Imerim+1]  (34)

Tim+1Tm+15— TifTm+1m+1
i=m)

1 m
=-iKn—-I2 kz Nij [Jm+tm+ I — Im+3lem+1]
zn 21

kA
+ By Unsrdim+r —Imstmerfsl  (35)
Tim+1Tmeri— TiTm+im+1

_ Imsrdimer = Jilma1me1

|Kanzn?

(36)
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The following properties characterize any order system
upon transformation into the V’ canonical structure as
may be deduced from Equations (42) to (45) above:

1. The subsystem transfer functions Fy; are always of
first order.

2. The transfer functions Vi (j = m) and hence the
compensating controllers Ci; (j = m) are first-order poly-
nomials in s. From Equation (12) it can be seen that each
Ci; is associated with a corresponding y;. The signal trans-
mitted from each compensating controller C;; to the cor-
responding subsystem i is thus Cyy; = Ey s y; + Uiy,
This signal, upon inversion to the time domain, becomes

dy;(¢)

t
Ciyy;(t) = Ey pramiu Uy (t)

Therefore, the Cy; (j = m) mai/ be considered to be pro-
portional plus derivative controllers and as such are phys-
ically realizable, at least to a good approximation.
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3. The transfer functions V;; (j > m) and hence Cy
(j > m) are constants and, by an analysis similar to that
of 2 are seen to be proportional controllers or, simply,
amplifiers and are physically realizable.

It is now possible to investigate in detail the form of
the overall subsystem transfer function described in Equa-
tion (13) for a given feedback controller G, For pur-
poses of generality, the following three-mode controller
Gip; will be used:

1
Gﬂ)i=Kci[ 1+TD1'.S+——:]

TiS (46 )

Insertion of Equations (46), (42), and (43) into Equa-
tion (13) yields for any decoupled subsystem

Tis[ Dy + AyGysil *m+1

form of Cyen shows that the virtual output ym 41 is never
fed back to the real portion of the system and may be
discarded. The corresponding forward compensators
Kni1 (= 1,2, ..., n) may be discarded. An investi-
gation of Equation (6) shows, therefore, that there are
n(n — m — 1) forward compensators which are actually
included in the compensating control system in addition
to the Cij.

The total number of compensating controllers may now
be determined. These are composed of the n(n — m — 1)
forward compensators, the m(n — 2) Cy within the
matrix Cper, and the m feedforward controllers added to
each of the m decoupled subsystems corresponding to the
real outputs. Thus

yi=

Perfect output control for any xpm .1 (y; = 0 for all £ = 0)
can be accomplished by setting

—Dy
G = ( _—_ ) (48)
" Ay
The significance of Equations (47) and (48), in terms
of practical application to any order linear multivariable
system, may be summarized as follows:

1. The denominator of the overall transfer function
of each decoupled subsystem has a maximum order of
two. Techniques for stability analysis and inversion to
the time domain of second-order transfer functions are
relatively simple and well known.

2, The feedforward controller required for perfect con-
trol of each subsystem output is a simple amplifier. These
feedforward controllers may be considered as additional
decoupling controllers for the purpose of eliminating the
effect of %, +; on each subsystem.

The final functional form of the Fy; and overall trans-
fer functions for each decoupled subsystem as well as the
decoupling controllers Cy; and Gyy; has now been obtained
in terms of system parameters. The following general
properties of the decoupled system in the V’ canonical
form with final control elements will now be investigated:
(1) physical significance of the arbitrary Ky introduced
in Equation (6); (2) number of compensating controllers
required for complete noninteraction; (3) degrees of free-
dom within the compensated system and their significance
with respect to controller design.

The physical significance of the arbitrary Kj; in Equa-
tion (6) may Dbest be understood by investigating the
system in the P canonical form. Since it has been postu-
lated that the V’ canonical form and P canonical form
plus virtual outputs be completely equivalent, the com-
pensating controllers C;; may be applied to the system in
either form. Application of the nonzero portion of the
matrix Cpzy, to the P canonical system of Equation (5)
and virtual system of Equation (6) yields the system
shown in Figure 2, before addition of the final controllers
Gyi and Gypi. This diagram clearly shows that the matrix
K(n—mzn of arbitrary K;; is actually a portion of the com-
pensating control device and so each arbitrary Ki; repre-
sents a separate feedforward compensating controller in
the form of an amplifier. These controllers will be referred
to as forward compensators. The virtual outputs, in turn,
represent intermediate controller signals forming a por-
tion of the input to the nonzero portion of the matrix
Chuzn of compensating controllers. The original matrix
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47
[AyKci] (47)

Number of compensating controliers
=nn—m—1) + m(n—2) +m
(49)

It is now possible to determine the number of degrees
of freedom within the decoupled system in the V' canon-
ical form with final control elements. These degrees of
freedom will be equal to the number of undetermined
constants within the system minus the number of re-
strictions imposed by setting certain output characteristics.

The undetermined system constants arise from addition
of the forward compensators to the basic system and from
addition of the m feedback controllers required to stabilize
the m subsystems. Each of the stabilizing feedback con-
trollers may contain as many as three undetermined con-
stants (K¢, Ta;, or T;). Therefore

=n{n—1)—m

Number of undetermined constants
=n(n—m—1) +3m (50)

Although a feedforward controller has been added to
each subsystem to obtain zero y;(¢) for all ¢, it is likely
that small imperfections in the operation of system con-
trollers could cause nonzero outputs. There is also the

PHYSICAL SYSTEM OF
f EQUATION (5)

|
1
1
Pmxn : => Ymx)
I
!
______ -
Yin-m)x 4
K(n-n'\))m
C mxn L__J

Fig. 2. Graphical presentation showing physical significance of
system parameters.
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Y (1) Yimy

Yim3

o T~

W <
Yimz

ft——————TIME / CYCLE

Fig. 3. Desired damped oscillatory output.

case where these feedforward controllers are omitted for
reasons of economy. In these cases, output fluctuations
will be limited to a damped oscillatory form in the time
domain for step upsets, as shown in Figure 3. This output
form is characterized by the parameters ¢ and r; which
affect time per cycle and the ratio yumi1/yimz of two sub-
sequent peaks. 7; and &, which are referred to as the
characteristic time and the damping ratio, respectively,
will be set for each output y;(¢) in accordance with de-
sired output form. For the m real outputs y,(t), yz(¢),

- » Ym(t) this imposes 2m restrictions. Subtracting this
number from Equation (50), we get

Degrees of freedom = n(n —m— 1) + 3m — 2m

= {(n—m) (n—1) (51)

The damped oscillatory form for each output y;(¢) may
be postulated because the overall transfer function of
each decoupled subsystem is second order. Equation (47)
may be rewritten as

T{S
— [ D; AuG
~ Aind[ g+ AyGynl

¥i= T126‘2+2T5i8+1

Am+1 (52)

where
TiBiy + AuKeiTiTr:
T2 = 53
' AyKy (53)
T8y + AyKuT
AyKei

2T = (54)

For a step input x4, inversion of Equation (52) to
the time domain yields the damped oscillatory form de-
sired of y;(¢). The restrictions 7; and §; are functions of
Kei, Tai, and T; as well as the forward compensating K;;
which are contained in Ay, By, and Sy. Setting r; and ¢;
of each subsystem to desired values as functions of these
undetermined constants yields the number of degrees of
freedom given by Equation (51). The degrees of freedom
existing in the system have a definite value. In particular,
they give: (1) the ability-to-adjust the output peak ampli-
tudes to small values, and (2) the ability to adjust
manipulatable system inputs so that better correspondence
is obtained between the linear model, which forms the
basis for the design of the controllers, and the true non-
linear model.

CONCLUSIONS

A method has been developed by which a linear multi-
variable system represented by a set of first-order dif-
ferential equations may be decoupled into a set of sub-
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systems characterized by first-order transfer functions.
These subsystems contain a single output as a function
of a single manipulatable and a single measurable input.
Decoupling is achieved by means of feedforward ampli-
fiers and feedback proportional plus derivative controllers.
This result is independent of the number of differential
equations. Perfect output control is possible by addition
of a feedback controller and a feedforward controller to
each subsystem.

The technique is applicable to multivariable lumped
parameter systems of interest to chemical engineering,
such as the continuous flow, stirred-tank reactor. A par-
ticular example of such a system will be considered in
a later paper.

NOTATION

Aij, Bi]', Dij, Eij, Hi]', Sij, Uij = constants ComPOSGd ot
groupings of terms in Equations (38) through
(41)

Cij, Fij, ]i]" Kij, Ni]', Rij, Tij, Vij = components Of
sponding matrices, as defined below

corre-

Cpen = matrix of feedback compensating controllers

Fopzn = matrix of transfer functions in V’ form

G = feedback control for subsystem ¢

Gy; = feedforward controller for subsystem i

i, f, k = indices for summation

nam = identity matrix

Jnan = matrix formed by replacing each term Ky of
matrix Knzq by its corresponding cofactor Ji;

J'nen = transpose of matrix Jnmm

Knzn = matrix of constants in original differential equa-
tions

K. = proportional sensitivity

K(n—mzn = matrix of arbitrary constants introduced by
definition of virtual outputs

m == number of outputs
My; = determinant of the matrix formed by crossing out
the rows and columns containing K +14; Kim+1;
Km+1m+1; and Ky; in the matrix Kz,
n = number of inputs (n = m)
Npam = second matrix of constants in original differential
equations
Pmzn = matrix of transfer functions in P form
Rpngm = diagonal matrix of By = § — Ny
s == Laplace transform variable
t = time
Tp; = derivative time
T; = integral time
Tpen = transpose of matrix Przn
wen == second matrix of transfer functions in V’ form
mz1 = column vector of manipulatable inputs

X(n—myz1 = column vector of additional manipulatable
or measurable inputs

Xi = Xi(t) — X, deviation of input X; from steady
state

Ymzt = column vector of real outputs

Y(n—myz1 = column vector of virtual outputs

i = yi(t) — yi,, deviation of output y; from steady
state

yim = peak value of y;
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An Application of Noninteracting Control

to a Continuous Flow Stirred-Tank Reactor

ROBERT D. FOSTER

Union Carbide Chemicals Company, South Charleston, West Virginia

WILLIAM F. STEVENS

Northwestern University, Evanston, lflinois

A general method, given in a companion paper, by which an interacting linear multivariable
system may be decoupled into independent subsystems, is applied to @ continuous flow stirred-
tank reactor. The form of the compensating controllers required for the physical system is
obtained. It is then verified numerically that noninteraction is achieved, as postilated, by
simulation of the linear model with compensating control on the analog computer.

The characteristic property of a multivariable system is
that each of its inputs will generally affect more than one
output simultaneously. Conventional control of such an
interacting system can be both difficult and inefficient in
that each control device must be compromised in its de-
sign. Although primary emphasis is placed on achieving
adequate control of a corresponding output, care must be
taken that the controller will not adversely affect the re-
maining system outputs. This difficulty has been elim-
inated in a companion paper (1) by describing theoreti-
cally the design of a compensating control device of gen-
erally simple form which may be applied to linear multi-
variable systems of any order. The technique makes it
possible to break the system down into independent sub-
systems containing a single output as a function of a
single manipulatable input and a single measurable input.
Final output control of each subsystem may then be
achieved in the absence of undesirable system interactions.

It is the purpose of this paper to apply the compensat-
ing technique described in reference I to a particular
physical system, the continuous flow stirred-tank reactor.
In addition to describing the form of the compensating
controllers required for the given system, it will be veri-
fied numerically by means of analog computer simulation
that noninteraction is achieved as postulated.
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DESCRIPTION OF THE SYSTEM

The general theory of noninteracting control that has
been developed (1) will be applied to a continuous flow
stirred-tank reaction which contains a material undergo-

k
ing a reaction of the type X — products, for which rate
of conversion of X(t) is given by dX(t)/dt = kX(t) =
A’ ¢~ E/RT® X(t). The system, as described by Kermode
and Stevens (3), is pictured in Figure 1.
The unsteady state heat and mass balance characteriz-
ing the system may be written as follows:

T 2 x) —x()1— & s x (o
(1)
T 20 7,0 — 1003
_ UAF(t) [T(t) —T,] _ A’ e~ E/RTW AHX (t) @)
VoCp [F(t) + 1] rCp
2 Qc(t) pc Cc

Ft) = UA

The system will be controlled about its unstable point at
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